A method of using the shifts of the beam resonant frequencies to determine the unknown parameters of nonlocal effects together with other effects such as surface elasticity, surface stress and residual stress is presented. The nonlocal effects are size-dependent, which only stand out when a specimen size diminishes. However, when the size of a specimen is small, other effects may also impact its mechanical properties and it is difficult to tell them apart. Unlike the static tests, the dynamic method presented in this study can differentiate various effects and thus determine the parameters. The parameters of different effects are solved as an inverse problem and the accuracy of the method is also demonstrated. So far, there are still no clear physical mechanisms to determine the parameters of nonlocal effects and different experiments yield different results. Because of the sensitivity to pre-existing defects, the mechanical properties of a small specimen may vary from one to another and the nonlocal effects can be disguised by other effects, which leads to different or even wrong interpretations on experimental data. With the capability of differentiating various effects, this study provides a more accurate and reliable method of determining the parameters of nonlocal effects, which should be of some help to the nonlocal theories.
Introduction
An extension of classical elasticity to a generalized continuum is given as follows ( Aifantis, 2003 ) (
where t ij ( x ) is the nonlocal stress at the reference point x and kl is the (classical) strain ( Eringen, 1983 ) ;
is the Laplacian operator and C ijkl is the elastic modulus tensor. l 1 and l 2 are two characteristic lengths. When l 1 = 0 and l 2 = 0, i.e., that the stress gradient terms are gone, Eq. (1) is reduced to the strain gradient elasticity model ( Aifantis, 2003; Mindlin and Eshel, 1968 ) , which is also variously called Cosserat theory ( Cosserat and Cosserat, 1909; Yang and Lakes, 1982 ) , couple stress theory ( Koiter, 1964; Mindlin and Tiersten, 1962 ) , microstructure theory ( Mindlin, 1964 ) , micropolar theory ( Eringen and Liebowitz, 1968 ) , micromorphic theory ( Forest, 2009 ) and microstrain theory ( Forest and Sievert, 2006 ) though there are some kinematic differences among the above theories ( Forest, 2009; Lakes, 1986 ) . When l 2 = 0 and l 1 = 0, i.e., that the strain gradient terms are gone, Eq. (1) is reduced to the nonlocal elasticity model ( Eringen, 1983 ) . Both the strain gradient elasticity * Corresponding author.
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and nonlocal elasticity theories are the continuum approach representing a macroscopic approximation to a microscopic model, which admits discreteness, inhomogeneity and long-ranged forces ( Fleck and Willis, 2015 ) . The discreteness and inhomogeneity of a polycrystal nanobeam are shown in Fig. 1 (a) . Because an infinitesimal surface element can transmit both force and moment ( Koiter, 1964 ) , microrotation is balanced by such moment, which is also variously called couple stress ( Mindlin, 1963 ) , torque stress ( Kröner, 1963 ) and stress moment ( Adomeit and Kröner, 1967 ) . Couple stress is related with the curvature, i.e., the second gradient of displacement ( Mindlin, 1963 ) . Therefore, a characteristic length ( l 2 ) must be involved, which is also required by dimensional grounds. This length is a material property on which the influence of couple stress depends strongly ( Mindlin, 1963 ) and is intimately related to the range of the interatomic forces ( Kröner, 1963 ) . In comparison, Eringen's (1983) nonlocal elasticity theory is much more straightforward to incorporate nonlocality by assuming that stress at a point depends not only on the strain at that point but also on strains at all other points of the body. In atomistic simulation, the above assumption can be translated as follows: the forces acting on an atom of a solid are due not only to the nearest neighbor atoms but also to all atoms in the solid ( McFarland and Colton, 2005 ) , which is another way of stating the long-ranged nature of interatomic forces. The long-ranged effect of interatomic forces is now embodied in the length of l 1 . Clearly, l 1 and l 2 are two critical length scales on which the nonlocal effects depend. The full utility of the nonlocal theories hinges on one's ability to determine these characteristic lengths ( Abu-Al-Rub and Voyiadjis, 2004 ) . However, how to determine these two lengths has been an important problem since the nonlocal theories were established. As commented by Yang and Lakes (1981) , the nonlocal theories, which makes reference neither to underlying cause nor to structure, are purely phenomenological. The introduction of these lengths is based on "mathematical structure" ( Aifantis and Willis, 2005 ) , or say, dimensional analysis. The nonlocal theories themselves cannot identify these characteristic lengths ( Koiter, 1964; Mindlin and Eshel, 1968 ) . Although the provision of the actual values for l 1 or l 2 must rely on a clear recognition of physics ( Aifantis and Willis, 2005 ) and such physical picture is not clear yet, there are still two methods to determine these characteristic lengths. One is to match the results predicted by the nonlocal theories with the experimental data. Unlike the classical elasticity theory, the nonlocal theories predicate that the bending and torsion rigidities, stress-strain relation, or say, (effective) Young's modulus and shear modulus are size-dependent and deviate from the classical values ( Koiter, 1964 ) , which is the very mechanism for experiment to determine those characteristic lengths. However, the torsion test of aluminum-epoxy composite ( Gauthier and Jahsman, 1975 ) , the bending tests of aluminum alloy ( Schijve, 1966 ) , aluminum and low-carbon steel ( Ellis and Smith, 1966 ) all failed to detect the nonlocal effects of strain gradient elasticity. The failure reason was thought to be the measurement accuracy by Kakunai et al. (1985) and by adopting a measurement method with much higher accuracy, their bending tests of high purity aluminum show that l 2 is one fifth of the grain size. As discussed later, besides the measurement accuracy, there are more reasons for the failure of detecting the nonlocal effects. The other method is to match the results predicted by the nonlocal theories of elastic continuum governed by differential equations with those by the discrete atomistic simulation or lattice dynamics governed by difference equation. For example, Eringen and Liebowitz (1968) found l 1 = 0 . 39 a ( a : lattice parameter) by matching the dispersion relation predicted by the nonlocal elasticity theory with that by Born-Kármán model of lattice dynamics. By matching the buckling strains predicted by the nonlocal elasticity theory and by the atomistic simulation, Zhang et al. (2005) found l 1 = 0 . 82 a . Similarly, by matching the constitutive relations derived by the continuum strain gradient elasticity theory and by the discrete atomistic model, Wang and Hu (2005) found l 2 = a/ √ 12 . However, besides the expensive and time-consuming computation, the atomistic simulation suffers two major drawbacks, which make its use of determining the characteristic lengths less accurate or even inapplicable. Firstly, (most) discrete atomistic simulations inevitably employ "an idealised version of underlying physics" ( Aifantis and Willis, 2005 ) . Secondly, because the pre-existing defects can affect the nonlocal effects ( Maranganti and Sharma, 20 07a; 20 07b ) , for an atomistic simulation to start, the defects must be specified, which is an impossible scenario for most real applications. Furthermore, nonlocal effects can be clouded by other effects and it is difficult to differentiate various effects. McFarland and Colton (2005) used the bending test of a polypropylene microcantilever to determine the nonlocal effects due to couple stress by monitoring the change of bending rigidity. They outlined three possible error sources for the measurement of the polymer beam bending rigidity: molecular orientation-induced anisotropy, residual stress and the formation of "skin" on the beam one or both sides due to the cooling asymmetry during the molding process ( McFarland and Colton, 2005 ) . The above error sources can be significant and thus dramatically influence how we interpret the experimental data and thus bending rigidity. In the above experiments ( Ellis and Smith, 1966; Gauthier and Jahsman, 1975; Kakunai et al., 1985; McFarland and Colton, 2005; Schijve, 1966 ) and simulations ( Eringen, 1983; Wang and Hu, 2005; Zhang et al., 2005 ) , there is only one unknown parameter: l 1 or l 2 . By matching the result of nonlocal theories with that of experiment or simulation, there is an one-to-one relation, which can uniquely determine l 1 or l 2 . If the number of unknown parameters is more than one, such one-to-one relation does not exist. For example, the nonlocal effect due to the strain gradient elasticity theory ( l 2 ) concludes that "smaller is stiffer" ( Ellis and Smith, 1966; Gauthier and Jahsman, 1975; Kakunai et al., 1985; McFarland and Colton, 2005; Schijve, 1966 ) . In contrast, the nonlocal effect due to the nonlocal elasticity theory says the opposite: "smaller is more compliant" ( Zhang et al., 2005 ) . Therefore, there is such possibility that in the static bending or torsion tests, these two competing nonlocal effects can cause no change in bending or torsion rigidity and from the experimental data, we have to conclude wrongfully that there is no nonlocal effect. Perkins and Thompson (1973) torsion tests of polyvinyl chloride foam material show that majority of experimental data follow the trend of "smaller is stiffer" predicted by the couple stress theory, but the opposite trend is also observed. At the same time, the scattering of their experimental data is also noticed. Similarly, Yang and Lakes (1982) bending tests of human bones conclude that l 2 in each specimen is different and its distribution ranges from 0.16 mm to 0.84 mm though the unit cell diameter of osteon keeps unchanged as 0.25 mm. In all of the above experiments ( Ellis and Smith, 1966; Gauthier and Jahsman, 1975; Kakunai et al., 1985; McFarland and Colton, 2005; Perkins and Thompson, 1973; Schijve, 1966; Yang and Lakes, 1981 ) , there are multiple specimens are used to obtain l 2 by curve-fitting. There is a potential problem of using multiple specimens to determine the characteristic lengths for one material. A localized defect can have an impact on the overall mechanical properties of a specimen ( Murphy and Zhang, 20 0 0; Wu and Wei, 2013 ) . Furthermore, as the size of a specimen diminishes, its nonlocal effects ( Maranganti and Sharma, 20 07a; 20 07b ) and mechanical properties become more sensitive to pre-existing defects. It is not uncommon that reproducible reh t t p : / / d s p a c e . i m e c h . a c . c n sults cannot be obtained for some nanomechanical sensors because of the device-to-device variations ( Boisen, 2009 ) . A vivid example is the significant variations of the "identical" microcantilevers in their higher modes vibrations as observed by Reed et al. (2009) . At micron or nanometer scale, to extract the characteristic lengths from multiple specimens for a material can be erroneous because the characteristic lengths may vary from one to another due to the presence of defects.
In this study, a method of extracting the characteristic lengths from one specimen is presented, which is to use the shifts of resonant frequencies as the working mechanism. Because the difference between the results predicted by the classical and nonlocal theories are very small, static tests require very high measurement accuracy in order to detect the nonlocal effects ( Kakunai et al., 1985 ) . In comparison, the resonant frequencies of a small-scaled specimen are very large and therefore, a tiny shift of the resonant frequencies is still absolutely large enough to be readily detected and accurately measured. In that sense, this study provides a more reliable and accurate method than the static test to determine the nonlocal effects. Furthermore, the static tests are incapable of differentiating the effects of the strain gradient elasticity, nonlocal elasticity, surface elasticity surface stress and residual stress. The hallmark of the method presented here is that it can differentiate some of the effects, which makes it more accurate to detect the nonlocal effects. The verification of the results predicted by the nonlocal theories and calibration of the characteristic lengths are indispensable for applicability and justification of the nonlocal theories ( Arash and Wang, 2012 ) . Although some works on determining the characteristic lengths are mentioned above, the work on the evaluation of the characteristic lengths is quite few and certainly no clear consensus exists ( Maranganti and Sharma, 2007a ) . With the higher accuracy and capability of differentiating various effects, besides determining the characteristic lengths, the method presented in this study also provides an effective approach of calibrating micro/nanomechanical device.
Model development
The equilibrium as given by the linear nonlocal elasticity theory is expressed by the following set of equations ( Eringen and Liebowitz, 1968 ) 
where t ij ( x ) is the nonlocal stress at the reference point x; σ ij and ij are the classical (local) stress and strain at any point x in the elastic body; C ijkl is the elastic modulus tensor and u i is the displacement vector and
is called nonlocal modulus ( Eringen and Liebowitz, 1968 ) , which can be seen as a correlation function. | x − x | is the Euclid norm denoting the distance; τ o is a (dimensionless) constant, which in essence indicates the nonlocal effect and as
, which recovers the classical (local) elasticity theory. Again, the above equation set indicates that the real nonlocal stress t ij ( x ) depends on the strains at not only the reference point x but also all other points of the body ( Eringen, 1983 ) . The above equation set consists of a complex constitutive relation of integrodifferential equations. As for a two-dimensional nonlocal modulus of α, the equation set of Eqs. (2) - ( 5 ) can be written approximately as follows ( Eringen, 1983 ) (
where
is the Laplacian operator; l is an external characteristic length (e.g., crack length, wavelength) ( Eringen, 1983 ) ; a is the elastic body internal length such as lattice parameter or grain size. e o is a constant to be determined for each material. Clearly, we have τ o l = e o a . In real applications, owing to the difficulty of determining a , many researchers have adopted e o a as a single parameter. Compared with Eq. (1) , e o a corresponds to l 1 . For an one dimensional Euler-Bernoulli beam, Eq. (6) is now written as follows ( Arash and Wang, 2012; Xu, 2006; Zhang et al., 2009; 2010 ) 
where t x and x are the axial normal stress and strain, respectively. E * is the (unknown) effective Young's modulus. For a micro/nanometer scaled structure, a surface layer may form and the whole structure is like a composite one ( He and Lilley, 2008; Zhang et al., 2013 ) and the presence of strain gradient in bending also effectively changes the beam bending rigidity ( Kong et al., 2008; . As a result, the beam effective Young's modulus can be different from a macroscopic one.
For an Euler-Bernoulli beam, the shear force S and bending moment M are related by the following equation
With the presence of an axial force, F , the governing equation of a transversely vibrating Euler-Bernoulli beam is as follows ( Xu, 2006 ) ∂S ∂x
where w and p are the transverse displacement and load per unit length, respectively. m is the mass per unit length and m = ρA ( ρ: density and A : cross section area); t is time. By substituting Eq. (8) into Eq. (9) , the following equation is derived
Multiplying by y on both sides of Eq. (7) and integrating over the beam cross section, we have
By definition, the bending moment M is given as follows
For the small deflection of Euler-Bernoulli beam, we have
In conjunction with Eqs. (12) and (13) , Eq. (11) is now written as the following
where I = A y x dA is the area moment of inertia. Differentiating both sides of the above equation with respect to x twice leads to the following equation 
In the vibration of a micro/nanobeam, there are three unknown parameters: E * I, F and e o a . For a given material, a is known as an intrinsic length, but e o is an unknown fitting constant. Besides the applied axial load, there are two major sources contributing to F : surface stress ( Altenbach and Eremeyev, 2011; He and Lilley, 2008; Karabalin et al., 2012; Zhang, 2013; Zhang et al., 2013; Zhang and Zhao, 2014 ) and residual stress ( McFarland and Colton, 2005; Zhang and Zhao, 2015 ) , which make F unknown in most micro/nanobeam applications. For the convenience of statement, we let E * I = EI + . Here E is the Young's modulus of a macroscopic beam and EI is thus a known quantity. However, here is unknown. Physically, is the bending stiffness variation from that predicted by the classical theory. There are two major mechanisms causing . One is surface elasticity ( He and Lilley, 2008; Zhang et al., 2013 ) and the other is the another nonlocal effect as described by the strain gradient elasticity or couple stress theory ( Kong et al., 2008; . These two mechanisms are expressed as follows
,
where 1 and 2 are the bending stiffness due to the surface elasticity and couple stress effects, respectively. In 1 , C s is the surface modulus with the unit of N · m −1 ; h and b are the thickness and width of a rectangular beam, and D is the diameter of a circular beam. As mentioned above, the formation of surface layer, which can have different elastic properties from a bulk one ( Altenbach and Eremeyev, 2011 ) , makes the whole structure a defacto composite material ( He and Lilley, 2008; Zhang et al., 2013 ) . In 2 , μ is shear modulus and for an isotropic material, μ = E/ 2(1 + ν) ( ν is the Poisson ratio); A is the cross-section area;
As discussed above, l 2 is an intrinsic material length characterizing the effect of couple stress ( Kong et al., 20 08; 20 09 ) or more generally, the range of interatomic forces ( Kröner, 1963 ) . In the strain gradient elasticity theory, the strain energy is dependent on not only strain but also strain gradients ( Amiot, 2013; Kong et al., 20 08; 20 09 ) . The additional strain energy contribution by the strain gradient part contributes to the bending rigidity increment of 2 . Although the strain gradient elasticity theory can model the surface/interface effects ( Amiot, 2013; Mindlin, 1972 ) , the above modeling approach in essence is to divide the beam into two parts: the bulk and surface layers . In the bulk layer, the strain gradient elasticity ( Amiot, 2013; Kong et al., 2008; and nonlocal elasticity ( Eringen, 1983; Zhang et al., 20 05; 20 09 ) theories apply; and the surface layer is governed by the surface elasticity theory ( He and Lilley, 2008; Zhang et al., 2013; . The following dimensionless quantities are introduced
where L is the beam length. Eq. (18) is now nondimensionalized and re-arranged as the following
Here the dimensionless 1 , 2 and 3 are defined as
Physically, 1 indicates the dimensionless bending stiffness variation from the classical one; 2 is the dimensionless axial load and 3 is the square of two lengths ratio. Clearly, 3 ≥ 0. 1 and 2 can be either positive or negative or zero. Positive/negative 2 indicates that the axial force is tension/compression. Eq. (19) is now nondimensionalized as follows 
The corresponding characteristic equation is as follows
which leads to the following two solutions
As defined in Eq. (22) , the dimensionless axial force of 2 can be either a large or small quantity. However, we should point out that Eq. (21) is a linear equation. When 2 reaches a critical negative value, the beam buckles and enters the post-buckling regime, which requires nonlinear analysis. For a hinged-hinged beam, the buckling load is 2 = −π 2 ; for a clamped-clamped beams, the buckling load is 2 = −4 π 2 ( Chajes, 1974 ) . For Eq. (21) to be valid, 2 is required to be larger than the buckling load. On the other hand, as seen in Eqs. (22) and (23) , 1 and 3 are size-dependent; their effects only stand out when the beam characteristic lengths ( L, b, h, D ) are small. 1 and 3 are (very) small quantities, which ensures that 1 + 1 + 2 3 > 0 . Therefore, λ 2 1 > 0 and λ 2 2 < 0 . We define β 1 and β 2 as follows 
where C i s ( i = 1 to 4) are four unknown constants. The beam coordinate system is shown in Fig. 1 (b) and the following four boundary conditions hold for a hinged-hinged beam
With the four boundary conditions of Eq. (29) , Eq. (28) formulates an eigenvalue problem, which leads to the determination of the resonant frequency of ω. The resonant frequency of a hingedhinged beam can be analytically derived as follows
where ω n is the n th resonant frequency ( n is a positive integer). When 1 = 2 = 3 = 0 , Eq. (30) recovers the classical result of ω n = n 2 π 2 ( Chang and Craig, 1969 ) . When 1 = 2 = 0 , Eq. (30) becomes ω n = n 2 π 2 / 1 + n 2 π 2 3 , which is the one derived by Zhang et al. (2010) for the nonlocal vibration. When 1 = 3 = 0 , Eq. (30) becomes ω n = nπ 2 + n 2 π 2 ; and ω 1 = 0 when 2 = −π 2 , which is the buckling load of a hinged-hinged beam ( Chajes, 1974 ) . As seen in Eq. (30) , the nonlocal effect due to the strain gradient elasticity (as incorporated in the parameter of 1 ) leads to a larger resonant frequency. In contrast, the nonlocal effect due to the nonlocal elasticity (as incorporated in the parameter of 3 ) leads to a smaller resonant frequency.
For a clamped-clamped beam, the boundary conditions are the following four
Again, Eq. (28) with the four boundary conditions of Eq. (31) forms an eigenvalue problem for ω n . Instead of an analytical solution, now the eigenvalue of ω n has to be obtained by solving the following transcendental equation
Results and discussion
In order to calculate the eigenvalue of resonant frequency ω n (e.g., Eq. (30) or (32) ), the parameters of 1 , 2 and 3 must be supplied. Once 1 , 2 and 3 are given, ω n s are uniquely determined as seen in Eq. (30) . In most studies ( Kong et al., 20 08; 20 09; Xu, 2006; Zhang et al., 2010; , those parameters are given and varied to see how ω n changes with them, which is the formulation of a forward/direct problem. However, in a real application, ω n s are known/measured quantities and those parameters are unknowns. Now, an inverse problem arises: how to use the resonant frequencies to determine the bending stiffness variation, axial load and nonlocal elasticity effects?
In our case, there are three unknowns: 1 , 2 and 3 . In order to present a graphic illustration and explain the mechanisms on how the inverse problem can be solved, we firstly present an example of two-unknown case and then solve the three-unknown case. Once again, when 1 = 2 = 3 = 0 , ω n = n 2 π 2 as given by Eq. (30) for a hinged-hinged beam. We define the following quantities are the first, second and third resonant frequencies predicted by the classical theory with zero bending stiffness variation, axial load and nonlocal elasticity effects. When 1 , 2 and 3 are given as follows
the corresponding resonant frequencies change as the followings
Compared with the ω o n s in Eq. (33) , all of the three resonant frequencies become smaller. Here the axial load 2 = −0 . 5 is moderately small, which is about 5% of the beam buckling load. As a demonstration example, suppose that 2 = −0 . 5 is a known quantity, 1 and 3 are unknown. In Fig. 2 , the variation of the first resonant frequency ( ω 1 ) as a function of 1 and 3 is presented. ω 1 increases as 1 increases. The reason for this is simple: larger bending stiffness results in larger resonant frequency.
In contrast, ω 1 decreases as 3 increases, which means that the nonlocal elasticity effect of 3 reduces the system overall stiffness ( Zhang et al., 2010; . The level plane is the one with the constant of ω 1 = 9 . 66185 . The intersection of the two planes is marked with a solid line. Mathematically, this intersection line indicates that there are infinite combinations of 1 and 3 , which result in the same first resonant frequency of ω 1 = 9 . 66185 . Therefore, the information of one resonant frequency is not sufficient to determine the two parameters. Similarly, in Fig. 3 , the variation of the second resonant frequency ( ω 2 ) as a function of 1 and 3 is also presented. Now the level plane is the one with the constant of ω 2 = 39 . 34719 . The intersection of the two planes is marked with a dashed line. Again, the same scenario is encountered: there are infinite combinations of 1 and 3 which result in the same second resonant frequency of ω 2 = 39 . 34719 . When the two lines obtained in Figs. 2 and 3 are projected onto the 1 − 3 plane, as presented in Fig. 4 , the two lines intersect and the intersection point is marked by a circle, which exactly corresponds to ( 1 , 3 ) = ( 1 × 10 −2 , 1 × 10 −4 ). Now the inverse problem of using two resonant frequencies ( ω 1 , ω 2 ) to determine two parameters ( 1 , 3 ) is solved. Inverse problems are often not well-posed problems and quite some inverse problems are unsolvable because of the lack of information ( Anger, 1990; Gladwell, 2004 ) . Here ω n s are the information we can obtain from an experiment and for a continuous system, there are infinite ω n s though in our case only two resonant frequencies are required. Besides the sufficient informa- The other mechanism is that the impacts of the given parameters are different for different resonant frequencies. For example, the resonant frequencies of lower modes are much more sensitive to an axial load than those of higher modes . In contrast, the nonlocal effects stand out more at higher modes. The size-dependent nonlocal effects are actually determined by three sizes: the unit cell size, the specimen size and the wavelength of variation of the applied mechanical field ( Dillard et al., 2006 ) . At the higher modes, the wavelength is shorter and the nonlocal effects are thus more prominent, which may be one of reasons for Reed et al. (2009) experimental observation that the variations of "identical" cantilevers in their higher modes are much more significant. This second mechanisms is also reflected in Fig. 4 : the two lines are with two different slopes, which leads to intersection.
To solve the three-unknown case, we define the following function by modifying Eq. (30) for the convenience of statement
For the inverse problem, ω n s are the given values as determined by an experiment; 1 , 2 and 3 are the unknowns to be determined. When the first three resonant frequencies are supplied by Eq. (35) , the following equation set is obtained
Mathematically, there are three (nonlinear) equations for the three unknowns of 1 , 2 and 3 , which can be solved by the NewtonRaphson method ( Press et al., 1992 ) . In this case, the three unknowns are solved exactly as ( 1 , 2 , 3 ) = ( 1 × 10 −2 , −0 . 5 , 1 × 10 −4 ). When the Newton-Raphson method is applied, the initial guessed values of 1 , 2 and 3 need to be supplied. One advantage of the above inverse problem formulation is that the solution is not sensitive to the initial guess at all. In the above case, the initial guess is arbitrarily given as ( 1 , 2 , 3 ) = ( 2 . 6 × 10 −2 , −3 . 9 , 2 . 15 × 10 −4 ). Once the three unknowns of 1 , 2 and 3 are solved, the nonlocal elasticity effect can be directly obtained from the value of 3 . However, as defined in Eq. (23) , 1 is the bending stiffness variation and we cannot tell apart the contributions by the surface elasticity and by the strain gradient elasticity effect. Similarly, 2 indicates the axial load variation; the contributions by surface stress and residual stress cannot be differentiated, either.
For a clamped-clamped beam, to solve the inverse problem, we need to modify some definitions for the convenience of statement.
Firstly, the definitions of β i s of Eq. (27) are modified as follows
Again, in the inverse problem, the resonant frequencies are known; 1 , 2 and 3 are unknown. In Eq. (38) , β 1, n and β 2, n stand for the corresponding β 1 and β 2 values when the known nth resonant frequency of ω n as an input. Similarly, we define the following function by modifying Eq. (32)
For a clamped-clamped beam, we set the following parameters of 
Again, three equations for three unknowns of n s are solved by the Newton-Raphson method. With the exact resonant frequencies supplied, the exact solution of ( 1 , 2 , 3 ) = ( 1 × 10 −2 , −2 , 1 × 10 −4 ) is also obtained.
Summary
The effects of strain gradient elasticity, nonlocal elasticity, surface elasticity, surface stress and residual stress can all have impacts on the beam resonant frequencies. Some effects are sizedependent and stand out as the beam dimensions scale down, which are embodied in three dimensionless parameters in this study. In a real application, these three parameters are unknown. The inverse problem of using the shifts of resonant frequencies to determine the three parameters is formulated and solved. The physical mechanisms that the inverse problem can be solved are that the three parameters have different impacts on one resonant frequency and different resonant frequencies respond differently to these three parameters. By solving the three parameters, some effects such as nonlocal elasticity effect can be told; some effects such as surface elasticity and strain gradient elasticity effects are combined into one parameter, which becomes impossible to tell them apart. However, as the beam mechanical properties are characterized by these three parameters, the inverse problem solving method actually provides an effective method to calibrate a micro/nanobeam.
